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Abstrat
In this work we onsider the Navier-Stokes problem modied by the
absorption term |u|σ−2u, where σ > 1, whih is introdued in the mo-
mentum equation. For this new problem, we prove the existene of weak
solutions for any dimension N ≥ 2 and its uniqueness for N = 2. Then
we prove that, for zero body fores, the weak solutions extint in a nite
time if 1 < σ < 2, exponentially deay in time if σ = 2 and deay with a
power-time rate if σ > 2. We prove also that for a general non-zero body
fores, the weak solutions exponentially deay in time for any σ > 1. In
the speial ase of a suitable fores eld whih vanishes at some instant,
we prove that the weak solutions extint at the same instant provided
1 < σ < 2.
MSC: 35Q30, 76D03, 35B40.
Keywords: modied Navier-Stokes, absorption, existene, uniqueness, extin-
tion in time, power deay, exponential deay.
1 Introdution
1.1 Basi equations
From the basi priniples of Fluid Mehanis, it is well known that, in isothermal
motions of inompressible uids, the veloity eld and pressure are determined
from:
• the inompressibility ondition
divu = 0; (1.1)
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• the onservation of mass
∂ ρ
∂ t
+ div(ρu) = 0; (1.2)
• the onservation of momentum
ρ
(
∂ u
∂ t
+ (u·∇)u
)
= ρ f+ divS. (1.3)
The notation used in (1.1)-(1.3) is well known: u is the veloity eld, p is the
pressure, ρ is the density and f is the foring term. For Newtonian uids, the
stress tensor S is given by the Stokes law
S = −pI+ 2µD , D =
1
2
(
∇u+∇uT
)
, (1.4)
where µ is the dynamial (onstant) visosity andD is the strain tensor. For ho-
mogeneous uids, the density is regarded as onstant. Therefore, we an replae
the ontinuity equation (1.2) by its inompressible form (1.1). In onsequene,
when these simplifying features are present, the equations for a linearly visous,
homogeneous, inompressible uid redue to the following system
∂ u
∂ t
+ (u·∇)u = f−
1
ρ
∇p+ ν△u (1.5)
divu = 0 . (1.6)
Here ν = µ/ρ is a onstant orresponding to the denominated kinematis vis-
osity and, beause the uid is homogeneous, ρ is a onstant orresponding
to the initial density. In the literature, the system of equations (1.5)-(1.6) is
known as the inompressible Navier-Stokes equations, or only the Navier-Stokes
equations (NSE). System (1.5)-(1.6) must be supplemented with boundary on-
ditions haraterizing the ow on the boundary of the domain oupied by the
uid and by initial onditions determining the initial state of the ow at the
beginning of the time interval. The question of initial onditions is immediately
understood from the physial point of view, but as for the boundary onditions
is muh more deliate and would require a detailed disussion. See Serrin [21℄
for a detailed derivation of the Navier-Stokes equations and for the explanation
of the initial and possible dierent boundary onditions.
1.2 The modied Navier-Stokes problem
Let us onsider a general ylinder
QT := Ω× (0, T ) ⊂ R
N × R+ , with ΓT : ∂Ω× (0, T ) ,
where Ω is a bounded domain with a ompat boundary ∂Ω. Although the
dimensions of physial interest are N = 2 and N = 3, here we shall onsider a
general dimension N ≥ 2. In this work we onsider the following modied NSE
∂ u
∂ t
+ (u·∇)u = f−∇p+ ν△u− α|u|σ−2u in QT , (1.7)
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divu = 0 in QT (1.8)
supplemented by the initial and boundary onditions
u = u0 when t = 0 in Ω (1.9)
u = 0 on ΓT . (1.10)
In (1.7), α and σ are positive onstants with σ > 1. Notie that, for the sake of
simpliity, we have assumed ρ ≡ 1 in (1.7). In the sequel (1.7)-(1.10) shall be
denominated as the modied NS problem. The motivation for the onsideration
of the absorption term |u|σ−2u in (1.7) is purely mathematial and goes bak to
the works of Benilan et al. [7℄, Díaz and Herrero [11℄, and Bernis [8, 9℄. There,
was studied the importane of a similar absorption term to prove qualitative
properties related with ompat supported solutions, or solutions whih exhibit
nite speed of propagations, or whih extint in time, for dierent initial and or
boundary value problems. A possible physial justiation for the absorption
term in (1.7), is the onsideration, in the momentum equation, of a fores eld
h(u) = f− α|u|σ−2u , (1.11)
where f is a given fores eld. Notie that suh fores eld depends, in a sub-
linear way, on the own veloity u. In a ertain sense, suh fores eld may
be onsidered, from the physial point of view, as a feedbak eld. Therefore,
(1.7) an be onsidered as the equation of motion for a ertain uid. In this
way, the purpose of this work is to study the response of suh a uid motion
undergone to a fores eld satisfying (1.11). Speially, we want to know if
suh a fores eld is responsible for stopping the uid, driven by (1.7)-(1.10).
This issue addresses us for the important question about the deays of the solu-
tions of the Navier-Stokes equations. With this respet, it should be remarked
that these questions have been studied by many authors, among many others,
by Horgan and Wheeler [15℄, Wiegner [25℄, Ames and Payne [1℄, Shonbek [22℄,
Borhers and Miyakawa [10℄, Kozono and Ogawa [16℄, Takahashi [23℄, Enomoto
and Shibata [12℄ and Bae and Jin [5℄. In the referenes [15, 1℄ are established
the exponential spaial deay for the solutions of the stationary Navier-Stokes
equations. The other referenes [25, 22, 10, 16, 23, 12, 5℄ are onerned with
spae and time power deays in dierent norms for the solutions and its deriva-
tives of the Navier-Stokes equations supplemented with suitable onditions on
the initial data or in the fores eld. In spite of many work in this eld, so far,
and to the best of our knowledge, there are no results establishing the extintion
of the solutions of the Navier-Stokes equations in a nite time or in spae.
1.3 Mathematial framework
Notation. The notation used throughout this text is largely standard in Math-
ematial Analysis and in partiular in Mathematial Fluid Mehanis - see, e.g.,
Lions [18℄, Temam [24℄ or Galdi [13, 14℄. We distinguish vetors from salars
by using boldfae letters. For funtions and funtion spaes we will use this
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distintion as well. The symbol C will denote a generi onstant - almost the
time a positive onstant, whose value will not be speied; it an hange from
one inequality to another. The dependene of C on other onstants or parame-
ters will always be lear from the exposition. Sometimes we will use subsripted
letters attahed to C to relate a onstant with the result it is derived from. In
this artile, the notation Ω stands always for a domain, i.e., a onneted open
subset of R
N
, whose ompat boundary is denoted by ∂Ω.
Funtion spaes. Let 1 ≤ p ≤ ∞ and Ω ⊂ RN be a domain. We shall use the
lassial Lebesgue spaes Lp(Ω), whose norm is denoted by ‖ · ‖Lp(Ω). For any
nonnegative k, Wk,p(Ω) denotes the Sobolev spae of all funtions u ∈ Lp(Ω)
suh that the weak derivatives Dαu exist, in the generalized sense, and are in
Lp(Ω) for any multi-index α suh that 0 ≤ |α| ≤ k. The norm in Wk,p(Ω) is de-
noted by ‖·‖Wk,p(Ω). The assoiated trae spaes are denoted byW
k−1/p,p(∂Ω).
Given T > 0 and a Banah spae X , Lp(0, T ;X) and Wk,p(0, T ;X) denote the
usual Lebesgue and Sobolev spaes used in evolutive problems, with norms de-
noted by ‖ · ‖Lp(0,T ;X) and ‖ · ‖Wk,p(0,T ;X). The orresponding spaes of vetor-
valued funtions are denoted by boldfae letters. All these spaes are Banah
spaes and the Hilbert framework orresponds to p = 2. In the last ase, we use
the abbreviations Wk,2 = Hk and Wk−1/2,2 = Hk−1/2.
Auxiliary results. Throughout this text we will make referene, more than
one, to the following inequalities:
(1) Algebrai inequality - for every α, β ∈ R and every A, B ≥ 0,
AαBβ ≤ (A+B)α+β ; (1.12)
(2) Young's inequality - for every a, b ≥ 0, ε > 0 and 1 < p, q < ∞ suh that
1/p+ 1/q = 1,
a b ≤ εap + C(ε)bq , C(ε) = (ε p)−q/pq−1 .
If p = q = 2, this is known as Cauhy's inequality.
(3) Hölder's inequality - for every u ∈ Lp(Ω), v ∈ Lq(Ω), with 1 ≤ p, q ≤ ∞
suh that 1/p+ 1/q = 1,∫
Ω
u v dx ≤ ‖u‖Lp(Ω)‖v‖Lq(Ω).
An important result that will be used in the sequel is the famous Gagliardo-
Nirenberg-Sobolev inequality.
Lemma 1.1 Let Ω be a domain of RN , N ≥ 1, with a ompat boundary ∂Ω.
Assume that u ∈ W1,p0 (Ω). Then, for every xed number r ≥ 1 there exists a
onstant C depending only on N , p, r suh that
‖u‖Lq(Ω) ≤ C‖∇u‖
θ
Lp(Ω)‖u‖
1−θ
Lr(Ω), (1.13)
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where p, q ≥ 1, are linked by
θ =
(
1
r
−
1
q
)(
1
N
−
1
p
+
1
r
)−1
, (1.14)
and their admissible range is:
1. If N = 1, q ∈ [r,∞], θ ∈
[
0, pp+r(p−1)
]
, C = [1 + (p− 1)/pr]θ;
2. If p < N , q ∈
[
Np
N−p , r
]
if r ≥ NpN−p and q ∈
[
r, NpN−p
]
if r ≤ NpN−p , θ ∈ [0, 1]
and C = [(N − 1)p/(N − p)]θ;
3. If p ≥ N > 1, q ∈ [r,∞), θ ∈
[
0, NpNp+r(p−N)
)
and C = max{q(N −
1)/N, 1 + (p− 1)pr}θ.
When θ = 1, (1.13) is known as the Sobolev inequality and, in this ase, if
q = p = 2, then (1.13) is usually denominated as the Poinaré inequality. This
result is valid whether the domain Ω is bounded or not and notie the onstant
C does not depend on Ω. See the proof in Ladyzhenskaya et al. [17, p. 62℄. The
following generalization of (1.13) to higher-order derivatives is also possible (see
Nirenberg [19℄), ∥∥Dju∥∥
Lq(Ω)
≤ C‖Dku‖θLp(Ω)‖u‖
1−θ
Lr(Ω) , (1.15)
where additionally 0 ≤ j < k and k ≥ 1, and now
θ =
(
1
r
+
j
N
−
1
q
)(
k
N
−
1
p
+
1
r
)−1
.
The results written above an be easily generalized for vetor-valued fun-
tions. Moreover, for time-dependent funtions u(x, t), they still hold for a.a.
t ∈ [0, T ].
Other very important auxiliary result whih will be of the utmost importane
to handle the absorption term is written in the following lemma.
Lemma 1.2 For all p ∈ (1,∞) and δ ≥ 0, there exist onstants C1 and C2,
depending on p and N , suh that for all ξ, η ∈ RN , N ≥ 1,∣∣|ξ|p−2ξ − |η|p−2η∣∣ ≤ C1|ξ − η|1−δ (|ξ|+ |η|)p−2+δ (1.16)
and (
|ξ|p−2ξ − |η|p−2η
)
· (ξ − η) ≥ C2|ξ − η|
2+δ (|ξ|+ |η|)
p−2−δ
. (1.17)
See Barret and Liu [6℄ for the proof and also the referenes ited therein for
other forms of (1.16) and (1.17).
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2 Weak formulation
In this setion, we establish existene and uniqueness results for the modied
NS problem (1.7)-(1.10). Notie that, in the limit ase α = 0 in (1.7), we fall
in the lassial NS system (1.5)-(1.6). In this ase, it is well known that the
orresponding problem has a weak solution whih is unique only if N = 2 (see
e.g. Lions [18℄ and Galdi [14℄). In order to dene the notion of a weak solution
to the problem (1.7)-(1.10), let us introdue the funtion spaes largely used in
Mathematial Fluid Mehanis:
V := {v ∈ C∞0 (Ω) : divv = 0} ; (2.18)
H := losure of V in L2(Ω) ; (2.19)
Vs := losure of V in H
s(Ω), s ≥ 1 ; (2.20)
where, for simpliity, we an assume s as the smaller integer not lesser than
N/2, to avoid the ompliated Sobolev spaes with s non-integer. H is endowed
with the L
2(Ω) inner produt and norm, and, for any positive integer s, Vs is
endowed with the inner produt
(u,v)
Vs =
∑
|α|=s
∫
Ω
D
α
u ·Dαv dx
and with the assoiated norm. From (1.13), we see that this norm is equivalent
to the H
s
0(Ω) norm and, in onsequene, we have the (isometrially isomorphi)
identiation V
′
s = H
−s(Ω). H and Vs are Hilbert spaes and, for s = 1, whih
happens when the dimension is N = 2, we simply denote, as usual, V1 by V.
In this ase, the V inner produt reads in the usual form
(u,v)
V
=
∫
Ω
∇u : ∇v dx .
From the theory of distributions, we know that
Vs →֒ V →֒ H = H
′ →֒ V′ →֒ V′s , s > 1 . (2.21)
Moreover the ompat imbedding H
1
0(Ω) →֒ L
2(Ω) implies that the imbedding
Vs →֒ H is also ompat for any s ≥ 1 (see Lions [18, pp. 67-77℄). For the theory
of these funtion spaes, see Lions [18℄, Temam [24℄ and Galdi [13℄. The notion
of weak solution for the problem (1.7)-(1.10) follows in a standard manner.
Denition 2.1 Let Ω be a bounded domain in RN , N ≥ 2. A vetor eld u is
a weak solution of the problem (1.7)-(1.10), if σ > 1 and:
1. u ∈ L2(0, T ;V) ∩ Lσ(QT ) ∩ L
∞(0, T ;H);
2. u(·, 0) = u0 a.e. in Ω;
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3. For every v ∈ V ∩ LN (Ω) ∩ Lσ(Ω) and for a.a. t ∈ (0, T ),
d
d t
∫
Ω
u(t) · v dx+ ν
∫
Ω
∇u(t) :∇v dx+
∫
Ω
[(u(t) · ∇)u(t)] · v dx
+α
∫
Ω
|u(t)|σ−2u(t)· v dx =
∫
Ω
f(t) · v dx .
(2.22)
Condition u ∈ L2(0, T ;V) expresses, in a ertain sense, the inompressibil-
ity ondition (1.8) and the boundary ondition (1.10), whereas ondition u ∈
L
∞(0, T ;H), a priori, does not seem to be stritly neessary or else to restrit
the lass of admissible weak solutions. Condition u ∈ Lσ(QT ) is a natural re-
quirement to deal with the absorption term |u|σ−2u. Condition u(·, 0) = u0
a.e. in Ω, should be interpreted in the sense that u is L2(Ω) weakly ontinuous
for t = 0, i.e.
lim
t→0
∫
Ω
(u(t)− u0) · v dx = 0 ∀ v ∈ L
2(Ω) .
For N and σ ≤ 4, (2.22) holds for every v ∈ V, beause, due to Sobolev's
inequality, H
1(Ω) →֒ Lp(Ω) for p ≤ 4 and, in onsequene, V ∩ Lp(Ω) = V.
Denition 2.1 is silent about the initial data u0 and the fores eld f. But, this
will be lear when we bellow establish the existene result.
2.1 Existene result
To prove the existene of a weak solution of the modied NS problem (1.7)-
(1.10), we will adapt the same arguments used to prove existene for the lassial
NS problem (see, e.g. Lions [18℄, Temam [24℄, Galdi [14℄). However, it is worth
to notie that, in (1.7), additionally to the usual nonlinear term for the lassial
NS equations, (u·∇)u, we have another one, the absorption term α|u|σ−2u. We
shall adapt the proof for the lassial NS problem in any dimension N ≥ 2 given
in Lions [18, pp. 75-77℄.
Theorem 2.1 Assume that f ∈ L2(0, T ;V′) and u0 ∈ H. Then, there exists,
at least, a weak solution of the modied NS problem (1.7)-(1.10) in the sense of
Denition 2.1.
PROOF. 1. Existene of approximate solutions. Let s ≥ 1 be the smaller integer
not lesser than N/2. We may assume that s > 1, beause for s = 1, Vs = V
and the proof would follow in the same manner, but even simpler. We onsider
the basis {vk}k∈N of Vs, given by the (non-zero) solutions vj of the following
spetral problem assoiated to the eigenvalues λj > 0:∫
Ω
∑
|α|=s
Dαvj ·D
αϕdx = λj
∫
Ω
vj · ϕdx ∀ ϕ ∈ Vs .
Sine Vs →֒ V →֒ H, {vk}k∈N an be hosen as being an orthonormal basis
in H. Let us onsider also the orresponding m-dimensional spae, say Vm,
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spanned by v1, . . . , vm. For eah m ∈ N, we searh an approximate solution
um of (2.22) in the form
um =
m∑
k=1
ckm(t)vk , (2.23)
where vk ∈ V
m
and ckm(t) are the funtions we look for. These funtions are
found by solving the following system of ordinary dierential equations obtained
from (2.22):
d
dt
∫
Ω
um(t) · vk dx+ ν
∫
Ω
∇(um(t)) : ∇vkdx+
∫
Ω
(um(t)·∇)um(t) · vkdx
(2.24)
+α
∫
Ω
|um(t)|
σ−2
um(t) · vkdx =
∫
Ω
f(t) · vkdx ;
ckm(0) =
∫
Ω
u0m · vkdx ; (2.25)
for k = 1, . . . ,m and where u0m = um(0) ∈ V
m
is suh that
u0m → u0 strongly in H as m→∞. (2.26)
From the elementary theory of ordinary dierential equations, problem (2.23)-
(2.25) has a unique solution ckm ∈ C
1([0, Tm]), for some small interval of time
[0, Tm] ⊂ [0, T ].
2. A priori estimates I. We multiply (2.24) by ckm(t) and add these equations
from k = 1 to k = m. Then, aording to Lions [18, Lemme I-6.5℄ (see also
Temam [24, Lemma II-1.3℄), we obtain
1
2
d
d t
‖um(t)‖
2
L
2(Ω) + ν‖∇um(t)‖
2
L
2(Ω) + α‖um(t)‖
σ
L
σ(Ω)
=
∫
Ω
um(t) · f(t) dx .
(2.27)
Integrating (2.27) from 0 to t ≤ Tm, using Shwarz's and Cauhy's (with a
suitable ε > 0) inequalities, we ahieve to
‖um(t)‖
2
L
2(Ω) + ν
∫ t
0
‖∇um(s)‖
2
L
2(Ω)ds+ 2α
∫ t
0
‖um(s)‖
σ
L
σ(Ω)ds ≤
‖u0m‖
2
L
2(Ω)+
1
ν
∫ t
0
‖f(s)‖2V ′ds
(2.28)
for t < Tm. Sine ‖u0m‖
L
2(Ω) ≤ ‖u0‖L2(Ω), the assumptions u0 ∈ H and
f ∈ L2(0, T ;V′) justify that the left-hand side of (2.28) is nite. In partiular,
it follows that |ckm(t)|
2 <∞ for all k = 1, . . . ,m. In onsequene, by standard
results on ordinary dierential equations, we get that Tm = T for all m ∈ N,
8
otherwise |ckm(t)| → ∞ as t → Tm. Moreover, from (2.28) and one that
ν, α > 0, we obtain
sup
t∈[0,T ]
‖um(t)‖
2
L
2(Ω) ≤ ‖u0‖
2
L
2(Ω) +
1
ν
‖f‖2
L
2(0,T ;V') , (2.29)
whih implies that
um remains bounded in L
∞(0, T ;H). (2.30)
On the other hand, if we replae t by T in (2.28), we obtain
‖um(T )‖
2
L
2(Ω) + ν
∫ T
0
‖um(t)‖
2
H
1(Ω)dt+ 2α
∫ T
0
‖um(t)‖
σ
L
σ(Ω)dt ≤
‖u0‖
2
L
2(Ω) +
1
ν
‖f‖2
L
2(0,T ;V') .
(2.31)
This estimate enables us to say that
um remains bounded in L
2(0, T ;V) and in Lσ(QT ). (2.32)
Moreover,
|um|
σ−2
um remains bounded in L
σ′(QT ). (2.33)
3. A priori estimates II. Let us onsider the orthogonal projetion Pm : H →
V
m
, Pm(u) =
∑m
k=1
∫
Ω
u · vk dxvk. We thus obtain from (2.24)
∂ um
∂ t
= Pm (ν△um)− Pm ((um · ∇)um)− Pm
(
|um|
σ−2
um
)
+ Pm (f) , (2.34)
where we have used Pm(um) = um by virtue of (2.23). Using (2.29) and (2.31),
and the speial hoie of the basis of V
m
, we dedue, arguing as in Lions [18,
I-6.4.3℄, that the sequenes Pm (ν△um) and Pm ((um · ∇)um) are bounded in
L2(0, T ;V′s). Moreover, from hypothesis, one learly has f ∈ L
2(0, T ;V′s). Then,
from (2.34),
∂ um
∂ t
remains bounded in L2(0, T ;V′s) + L
σ′(QT ). (2.35)
4. Passing to the limit. From (2.30), (2.32), (2.33) and (2.35), there exist
funtions u and v, and there exists a subsequene, whih we still denote by um,
suh that
um → u weak-star in L
∞(0, T ;H) as m→∞ , (2.36)
um → u weakly in L
2(0, T ;V) as m→∞ , (2.37)
um → u weakly in L
σ(QT ) as m→∞ , (2.38)
|um|
σ−2
um → v weakly in L
σ′(QT ) as m→∞ (2.39)
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and
∂ um
∂ t
→
∂ u
∂ t
weakly in L2(0, T ;V′s) + L
σ′(QT ) as m→∞ . (2.40)
Then, due to (2.21), (2.37) and (2.40), and aording to a well known ompat-
ness result (see Lions [18, Théorème I-5.1℄),
um → u strongly in L
2(0, T ;H) as m→∞ . (2.41)
Now, we multiply (2.24) by ψ ∈ C1([0, T ]), with ψ(T ) = 0, and then we integrate
the resulting equations from 0 to T . We thus obtain
−
∫ T
0
∫
Ω
um(t) · vk ψ
′(t) dxdt+ ν
∫ T
0
∫
Ω
∇um(t) : ∇vk ψ(t) dxdt+∫ T
0
∫
Ω
(um(t)·∇)um(t) · vk ψ(t) dxdt+ α
∫ T
0
∫
Ω
|um(t)|
σ−2
um(t) · vk ψ(t)dxdt
=
∫ T
0
∫
Ω
f(t) · vk ψ(t) dxdt+
∫
Ω
um0 · vk ψ(0) dx .
(2.42)
Now, we an pass to the limit in (2.42) by using (2.37) in the linear terms (2.42)1
and (2.42)2, (2.37) along with (2.41) in the nonlinear term (2.42)3 and (2.26)
in the term (2.42)6 (see Lions [18, I-6.4℄). With respet to the term (2.42)4, we
notie that by onsidering a new subsequene, we may assume that un → u a.e.
in QT . This and (2.39) prove that v = |u|
σ−2
u, and we an pass to the limit in
this term as well. Finally, using linear and ontinuity arguments, we an prove
that u satises (2.22) in the distribution sense of C
∞
0 (0, T ). Moreover, using
standard arguments, we an prove that u satises 2. of Denition 2.1. See e.g.
Temam [24, pp. 288-289℄ for the details.
Remarks 2.1 1. This existene result still holds for unbounded domains Ω as
far as the used Sobolev type inequalities hold. The main dierene lies in the
fat that the imbedding V →֒ H is no longer ompat. But this diulty is
overame in a standard manner (see e.g. Temam [24, Remark III-3.2℄).
2. From what we have said at the beginning of this setion, in partiular (2.21),
the assumption f ∈ L2(0, T ;V′) an be replaed by f ∈ L2(0, T ;H−1(Ω)) . On
the other hand, with some minor modiations in the proof, we an assume that
f ∈ L2(0, T ;Lp(Ω)) for some some p ≥ 1.
2.2 Energy relation
In this setion we shall establish the energy relations satised by the weak
solutions of the modied NS problem (1.7)-(1.10). Before we establish the main
result, let us dene the (kineti) energy assoiated with the problem (1.7)-(1.10):
E(t) :=
1
2
‖u(t)‖2
L
2(Ω) . (2.43)
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As one should expet, at least from the physial point of view, any solution
of problem (1.7)-(1.10) should be suh that the assoiated kineti energy at a
ertain time t (onsidering f ≡ 0) is equal to E(s), for some 0 ≤ s ≤ t, minus
the energy dissipated by visosity in [s, t],
ν
∫ t
s
‖∇u(τ)‖2
L
2(Ω)dτ (enstrophy) ,
and minus the energy dissipated by a sink assoiated to α in [s, t],
α
∫ t
s
‖u(τ)‖σ
L
σ(Ω)dτ (absorption) .
However, even for the lassial NS problem, weak solutions obey to suh an
equality only if N = 2. For N ≥ 3, it is only possible to prove they satisfy to
an energy inequality (see e.g. Galdi [14℄). On the other hand, from the above
onsiderations, we should expet
u0 ∈ H⇒ E(0) <∞⇒ E(t) ≤ E(0) <∞ for all t ≥ 0 . (2.44)
In the following result we shall see the weak solutions of the modied NS problem
(1.7)-(1.10) satisfy to an energy inequality, regardless the domain dimension.
Theorem 2.2 Assume that f ∈ L2(0, T ;V′) and u0 ∈ H. Let u be a weak
solution of the problem (1.7)-(1.10) in the sense of Denition 2.1. Then this
solution satises to
1
2
d
d t
‖u(t)‖2
L
2(Ω)+ν‖∇u(t)‖
2
L
2(Ω) + α‖u(t)‖
σ
L
σ(Ω) ≤∫
Ω
u(t) · f(t) dx
(2.45)
for a.a. t ∈ [0, T ], and
‖u(t)‖2
L
2(Ω)+2ν
∫ t
0
‖∇u(s)‖2
L
2(Ω)ds+ 2α
∫ t
0
‖u(s)‖σ
L
σ(Ω)ds ≤
2
∫ t
0
∫
Ω
u(s) · f(s) dxds+ ‖u0‖
2
L
2(Ω)
(2.46)
for a.a. t ∈ [0, T ].
PROOF. To prove (2.45) we take the limit inf, as m→∞, of (2.27). Then from
(2.26), (2.36)-(2.38) and a lassial property of weak limits (see Galdi [14℄), the
result follows. For (2.46), we start by integrating (2.27) between 0 and t ≤ T .
We thus obtain
‖um(t)‖
2
L
2(Ω)+2ν
∫ t
0
‖∇(um(s))‖
2
L
2(Ω)ds+ 2α
∫ t
0
‖um(s)‖
σ
L
σ(Ω)ds =∫ t
0
∫
Ω
um(s) · f(s) ds+ ‖um0‖
2
L
2(Ω) .
(2.47)
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Now, we take the limit inf, asm→∞, of (2.47). Then from (2.26), (2.36)-(2.38)
and the same lassial property of weak limits, it follows (2.46). 
Suh as for the lassial NS problem, we an prove the weak solutions of the
modied NS problem (1.7)-(1.10) belonging to L4(0, T ;L4(Ω)) satisfy to the
energy equality
‖u(t)‖2
L
2(Ω) + 2ν
∫ t
0
‖∇u(s)‖2
L
2(Ω)ds+ 2α
∫ t
0
‖u(s)‖σ
L
σ(Ω)ds =
(2.48)
2
∫ t
0
∫
Ω
u(s) · f(s) ds+ ‖u0‖
2
L
2(Ω)
for a.a. t ∈ [0, T ]. The proof an be adapted from Galdi [14, Theorem 4.1℄. The
only dierene lies in the absorption term whih an be handle suh as in the
proof of Theorem 2.1. Moreover, if N = 2, every weak solution of the modied
NS problem satises to the energy equality (2.48). Indeed for N = 2 any suh
weak solution u satises to the so-alled Ladyzhenskaya inequality
∫ T
0
‖u(t)‖
L
4(Ω)dt ≤ C
∫ T
0
‖u(t)‖2
L
2(Ω)‖∇u(t)‖
2
L
2(Ω)dt <∞ .
This is no longer valid for N ≥ 3 and therefore, suh as for the lassial Navier-
Stokes problem, the question of whether a weak solution of the modied NS
problem (1.7)-(1.10) obeys the energy equality (2.48) remains open.
2.3 Uniqueness result
In the mathematial theory of the NS equations another important open prob-
lem is the uniqueness of weak solutions for N ≥ 3. It is possible to show
uniqueness for all time under additional onditions on the admissible weak solu-
tions, or in a small interval of time by assuming small data ompared to visosity
(see e.g. Galdi [14℄). However, for N = 2 the mathematial theory is omplete
and the existene result is now lassial. In onsequene, we will show the 2-D
modied NS problem (1.7)-(1.10) inherits this property. The proof is again an
adaptation of the lassial result (see e.g. Lions [18℄) and the ruial part lies
in the absorption term.
Theorem 2.3 Assume that f ∈ L2(0, T ;V′) and u0 ∈ H. Let v and w be two
weak solutions of the modied NS problem (1.7)-(1.10) in the sense of Deni-
tion 2.1. Then w = v a.e. in QT .
PROOF. Arguing as in Temam [24, Theorem III-3.2℄, we get from (2.22) the
following relation for u = v−w:
d
dt
‖u(t)‖2
L
2(Ω) + 2ν‖∇u(t)‖
2
L
2(Ω) + I1 = I2 , (2.49)
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where
I1 := 2α
∫
Ω
(
|v(t)|σ−2v(t)− |w(t)|σ−2w(t)
)
· u(t) dx ,
I2 := 2
∫
Ω
[(w(t)·∇)w(t)− (v(t)·∇)v(t)] · u(t) dx .
In the term I1, we use (1.17) with ξ = v, η = w, p = σ and δ = 0, to prove that
I1 ≥ 0. On the other hand, it an be proved, in a standard manner, that
|I2| ≤
2ν
C
‖u(t)‖2
H
1(Ω) +
C
ν
‖u(t)‖2
L
2(Ω)‖w(t)‖
2
H
1(Ω) , (2.50)
for some positive onstant. Then, using Poinaré's inequality, we obtain, from
(2.49) and (2.50), the following relation
d
dt
‖u(t)‖2
L
2(Ω) ≤
C
ν
‖u(t)‖2
L
2(Ω)‖w(t)‖
2
H
1(Ω) . (2.51)
Integrating (2.51), using (2.31) for w, and known that u(0) = 0, we prove that
v = w a.e. in QT .
For N ≥ 3 and analogously as to the lassial NS problem, one an proves the
weak solution of the modied NS problem, satisfying (2.46), is unique in the
lass L2(0, T ;V) ∩ L∞(0, T ;H) ∩ Lσ(QT ) ∩ L
s(0, T ;Lr(Ω)) with 2/s+N/r ≤ 1
and for r > N (see Lions [18, Théorème I-6.9℄). In partiular the uniqueness
holds in the lass L2(0, T ;V) ∩ L∞(0, T ;H) ∩ Lσ(QT ) for σ ≥ N + 2.
3 Asymptoti stability
In this setion we shall study the behavior in time of the weak solutions of the
modied NS problem (1.7)-(1.10). Here, we shall assume that T is suiently
large or even let T = ∞. It is worth to reall that, to the best of our knowl-
edge, the late studies on the asymptoti behavior of the weak solutions of the
lassial NS problem provide only power-time deays (see the referenes ited in
Setion 1.2). The rst result we present here, establishes a temporal qualitative
property satised by the weak solutions of the modied NS problem (1.7)-(1.10),
whih is usually referred to as the extintion in (a nite) time property.
Theorem 3.1 (Extintion in time) Assume 1 < σ < 2 and u0 ∈ H, and let
u be a weak solution of the modied NS problem (1.7)-(1.10) in the sense of
Denition 2.1.
1. If f = 0 a.e. in QT , then there exists t
∗ > 0 suh that u = 0 a.e. in Ω
and for almost all t ≥ t∗.
2. If f 6= 0, but
‖f(t)‖
V
′ ≤ ǫ
(
1−
t
t
f
) 1
2(µ−1)
+
for a.a. t ∈ [0, T ] , (3.52)
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where t
f
is a xed positive time and µ is given by (3.58), then there exists
a onstant ǫ0 > 0 suh that u = 0 a.e. in Ω and for almost all t ≥ tf,
provided 0 < ǫ ≤ ǫ0.
PROOF. First Step. If f = 0 a.e. in QT , we obtain from (2.45)
d
dt
E(t) + CE2,σ(t) ≤ 0 for a.a. t ∈ [0, T ] , (3.53)
where E(t) is the (kineti) energy dened in (2.43), C = min(ν, α) and
E2,σ(t) := ‖∇u(t)‖
2
L
2(Ω) + ‖u(t)‖
σ
L
σ(Ω) . (3.54)
Using a vetorial version of the Gagliardo-Nirenberg-Sobolev inequality (1.13)
with p = q = 2 and r = σ,
‖u(t)‖
L
2(Ω) ≤ CGNS‖∇u(t)‖
θ
L
2(Ω)‖u(t)‖
1−θ
L
σ(Ω) for a.a. t ∈ [0, T ] , (3.55)
where CGNS = C(N, σ) is the onstant resulting from applying (1.13) and,
aording to (1.14),
θ = 1−
2σ
(2 − σ)N + 2σ
. (3.56)
Then, using the algebrai inequality (1.12), we obtain
‖u(t)‖2
L
2(Ω) ≤ C
2
GNSE2,σ(t)
µ
for a.a. t ∈ [0, T ] , (3.57)
where, from (3.55) and (3.56),
µ = 1 +
2(2− σ)
(2− σ)N + 2σ
. (3.58)
Then (3.53) and (3.57) lead us to the homogeneous ordinary dierential inequal-
ity
d
dt
E(t) + CE(t)1/µ ≤ 0 for a.a. t ∈ [0, T ] , (3.59)
where now C = min(ν, α)(2/C2GNS)
1/µ
.
Seond Step. In order to integrate (3.59), we need to analyze the exponent of
nonlinearity µ given by (3.58). But, rstly, we reall that µ is written in terms
of the interpolation exponent θ. Aording to Lemma 1.1 with p = q = 2 and
r = σ, and also (3.56), the admissible range of θ shows us that 0 ≤ θ ≤ 1 i
0 ≤ σ ≤ 2 for N = 1 or N ≥ 3, and 0 ≤ θ < 22+σ i 0 < σ ≤ 2 for N = 2.
In onsequene, within these values of σ, we see that µ > 1 i 1 < σ < 2. The
other possible values of σ, i.e. 0 ≤ σ ≤ 1 go out of our initial assumption that
σ > 1.
Third Step. An expliit integration of (3.59) between t = 0 and t lead us to
E(t) ≤
(
E(0)
µ−1
µ − Ct
) µ
µ−1
, C =
µ− 1
µ
min(ν, α)
(
2
C2GNS
) 1
µ
. (3.60)
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Notie that, from (2.44), the initial energy E(0) is nite, and
µ > 1⇒ 0 <
µ
µ− 1
=
4 + (2− σ)N
2(2− σ)
. (3.61)
Using (2.43), (3.58) and (3.61), we prove that the right-hand side of (3.60)
vanishes for
t =
E(0)
µ−1
µ
C
≡ ‖u0‖
4(2−σ)
4+(2−σ)N
L
2(Ω)
4 + (2− σ)N
4(2− σ)
C
2[(2−σ)N+2σ]
4+(2−σ)N
GNS
min(ν, α)
, (3.62)
whih proves the rst assertion with t∗ given by (3.62).
Fourth Step. If f 6= 0, we use Shwarz's and Cauhy's inequalities, the later
with ε = ν/2, to obtain for a.a. t ∈ [0, T ]∣∣∣∣
∫
Ω
u(t) · f(t) dx
∣∣∣∣ ≤ ‖u(t)‖V ||f(t)||V ′ ≤ ν2 ‖∇u(t)‖2L2(Ω) + 12ν ‖f(t)‖2V′ . (3.63)
Then, from (2.45) and (3.63),
d
dt
E(t) + C1E2,σ(t) ≤ C2‖f(t)‖
2
V
′ for a.a. t ∈ [0, T ] , (3.64)
where C1 = min(ν/2, α) and C2 = 1/(2ν). Using (3.52) and (3.57), we obtain
the following non-homogeneous ordinary dierential inequality
d
dt
E(t) + C1E(t)
1/µ ≤ C2ǫ
2
(
1−
t
t
f
) 1
µ−1
+
for a.a. t ∈ [0, T ] , (3.65)
where C1 =
min(ν/2,α)
(C2GNS/2)
1/µ and C2 = 1/(2ν). To analyze (3.65), we need the
following result (see the proof in Antontsev et al. [4, 1.2.2℄).
Lemma 3.1 Let δ > 0 suh that (t
f
− δ, t
f
+ δ) ⊂ [0, T ] and assume E ∈
W1,1 (t
f
− δ, t
f
+ δ) satises the dierential inequality
d
dt
E(t) + ϕ(E(t)) ≤ F
((
1−
t
t
f
)
+
)
a.e. in (t
f
− δ, t
f
+ δ) , (3.66)
where ϕ is a ontinuous non-dereasing funtion suh that
ϕ(0) = 0 and
∫
0+
ds
ϕ(s)
<∞ , (3.67)
and the funtion F satises, for some k ∈ (0, 1), to
F (s) ≤ (1− k)ϕ(ηk(s)) in (0, tf) , (3.68)
where
ηk(s) = θ
−1
k (s) and θk(s) =
∫ s
0
dτ
kϕ(τ)
.
Then E(t) = 0 for all t ≥ t
f
.
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For the relations (3.65) and (3.66) to oinide, let us set
ϕ(s) = C1s
1
µ
and F (s) = C2ǫ
2s
1
µ−1 .
Then learly (3.67) is satised and we have
θk(s) =
µ
k(µ− 1)
s
µ−1
µ
and ηk(s) =
(
k(µ− 1)
µ
s
) µ
µ−1
.
Moreover, (3.68) is satised if
ǫ ≤
√
C1
C2
(1 − k)
(
µ− 1
µ
k
) 1
µ−1
=
√√√√ 2νmin(ν/2, α)
(C2GNS/2)
(2−σ)N+2σ
4+(2−σ)N
(1− k)
[
2(2− σ)
4 + (2− σ)N
k
] (2−σ)N+2σ
2(2−σ)
.
(3.69)
Seond assertion is thus proved and ǫ0 is the term dened by the right-hand
side of (3.69).
Remarks 3.1 1. The results established in Theorem 3.1 still hold for un-
bounded domains Ω as far as the used Sobolev type inequalities hold (see Lemma 1.1).
It is important that the domain is onvex and bounded, at least, in one dire-
tion.
2. We ould also have onsidered non-homogeneous boundary onditions, say
uB, on ΓT . But then, in order to arry out the results of Theorem 3.1, we
would have to assume the existene of a tB > 0 suh that uB = 0 for all t ≥ tB
and E(tB) <∞. In the above proof we only would have to replae the time t = 0
by t = tB and, for the seond assertion, to presume that tf > tB.
If we assume, in Theorem 3.1, f ∈ L2(0, T ;Lp(Ω)), then we must replae
(3.52) by
‖f(t)‖
L
p(Ω) ≤ ǫ
(
1−
t
t
f
) 1
2(µ−1)
+
, p =
2N
N + 2
, N 6= 2 ,
where now µ depends on p, N and σ. Indeed, proeeding suh as for (3.63) and
using, in addition, (1.13) with q = p′, p = 2 and θ = 1, we obtain∣∣∣∣
∫
Ω
u(t) · f(t) dx
∣∣∣∣ ≤‖u(t)‖Lp′ (Ω) ||f(t)||Lp(Ω) ≤
C‖∇u(t)‖
L
2(Ω) ||f(t)||Lp(Ω) ≤ ε‖∇u(t)‖
2
L
2(Ω) + C(ε)‖f(t)‖
2
L
p(Ω) .
For N = 2, we assume f ∈ L2(0, T ;L2(Ω)) and by using Poinaré's inequality
(1.13), we get ∣∣∣∣
∫
Ω
u(t) · f(t) dx
∣∣∣∣ ≤‖u(t)‖L2(Ω) ||f(t)||L2(Ω) ≤
C‖∇u(t)‖
L
2(Ω) ||f(t)||L2(Ω) ≤ ε‖∇u(t)‖
2
L
2(Ω) + C(ε)‖f(t)‖
2
L
2(Ω) .
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The results of Theorem 3.1 an be extended to the limit ase of σ = 1. In
fat, if σ = 1 in (3.58), then µ = 1 + 2/(N + 2) and all the reasoning of the
above proof an be applied. On the other hand, if σ = 2 these results are no
longer valid, beause, from (3.62) and (3.69), t∗ →∞ and ǫ0 → 0 as σ → 2. In
this ase, taking σ = 2 in (3.58), we obtain from (3.59)
d
dt
E(t) + CE(t) ≤ 0 for a.a. t ∈ [0, T ] , C = 2min(ν, α)/C2GNS . (3.70)
Notie that E2,σ(t) ≤ E(t) is trivial for σ = 2. Integrating (3.70) between t = 0
and t > 0, we prove the weak solutions of the modied NS problem (1.7)-(1.10),
with σ = 2 and f = 0, have the following exponential deay
‖u(t)‖
L
2(Ω) ≤ C1e
−C2t
for a.a. t ≥ 0 , (3.71)
where C1 = ‖u0‖
L
2(Ω) and C2 = 2min(ν, α)/C
2
GNS . The following theorem
shows us that for σ > 2, the weak solutions of the modied NS problem (1.7)-
(1.10), with f = 0, have a power-time deay.
Theorem 3.2 (Power deay) Assume f = 0 and u0 ∈ H, and let u be a weak
solution of the modied NS problem (1.7)-(1.10) in the sense of Denition 2.1.
If σ > 2, then there exist positive onstants C1 and C2 suh that
‖u(t)‖
L
2(Ω) ≤ (C1t+ C2)
− σ+2σ−2
for a.a. t ≥ 0 .
PROOF. Firstly we observe that using Hölder's, Sobolev's (1.13) and algebrai
(1.12) inequalities, we obatin
‖u(t)‖2
L
2(Ω) ≤ CS
(∫
Ω
(
|u(t)|σ + |∇u(t)|2
)
dx
) σ+2
2σ
for a.a. t ∈ [0, T ] ,
(3.72)
where CS is the onstant resulting from applying Sobolev's inequality (1.13).
Then (3.53) and (3.72) lead us to the homogeneous ordinary dierential inequal-
ity
d
dt
E(t) + CE(t)
2σ
σ+2 ≤ 0 for a.a. t ∈ [0, T ] , (3.73)
where C = (2/Cs)
2σ/(σ+2)min(ν, α). Integrating (3.73) between t = 0 and t > 0
ends the proof, where
C1 =
(
2
CS
) 2σ
σ+2
min(ν, α)
σ + 2
σ − 2
and C2 =
(
‖u0‖
2
L
2(Ω)
2
)− σ−2σ+2
.
Remarks 3.2 1. By virtue of using Sobolev's inequality, (3.72) holds for any
σ ≥ 2NN+2 if N ≥ 3 or for any σ > 1 if N = 2, and the assumption σ > 2
satises these requirements.
2. In the limit ase σ = 2, (3.73) beomes a linear dierential inequality anal-
ogous to (3.70) and, again, we obtain the exponential deay (3.71), where we
only have to replae C2GNS by CS .
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In Theorem 3.1 we have seen that for 1 < σ < 2 and f = 0 or for f satisfying
to (3.52) it was possible to establish that the weak solutions of the modied
NS problem (1.7)-(1.10) extint in a nite time. If σ ≥ 2 and f = 0 it was
possible to prove, in Theorem 3.2, that the weak solutions exponentially deay
if σ = 2 and deay at a power rate if σ > 2. Therefore it is reasonable to ask
what happens if f 6= 0 merely belongs to a suitable funtion spae. In order to
work this ase, let us go bak to (2.45). Using there Cauhy's inequality with
ǫ = ν/2, we obtain
d
dt
E(t) + C1E2,σ(t) ≤ C2
∫
Ω
|f(t)|2 dx for a.a. t ∈ [0, T ] , (3.74)
where E2,σ(t) is dened in (3.54) and now C = min(ν/2, α) and C2 = 1/(2ν).
Now we assume that∫
Ω
|f(t)|2 dx ≤ C
f
for a.a. t ∈ [0, T ] , (3.75)
where C
f
is a positive onstant. If 1 < σ < 2 we use (3.57) and if σ ≥ 2 we use
(3.72). In any ase, we obtain from (3.74) and (3.75)
d
d t
E(t) + C1E(t)
γ ≤ C2 for a.a. t ∈ [0, T ] , (3.76)
where
γ =
(2− σ)N + 2σ
4 + (2 − σ)N
if 1 < σ < 2 and γ =
2σ
σ + 2
if σ > 2 , (3.77)
C1 =
(
2
C
)γ
min
(ν
2
, α
)
and C2 =
C
f
2ν
for any σ > 1 , (3.78)
and where C = C2GNS or C = CS if 1 < σ < 2 or σ > 2, respetively. Notie
that in the limit ase of σ = 2 both expressions of γ in (3.77) onverge to the
same value γ = 2. Let us set now
d
d t
E(t) + C1E(t)
γ = C2 ⇔
d
d t
E(t) = C2 − C1E(t)
γ := Λ(t) . (3.79)
If Λ(t) < 0 or Λ(t) > 0 at some time t (possibly dierent), then E(t) is dereasing
or inreasing, respetively, at that time. In onsequene, the asymptotially
stable equilibrium of (3.79) is reahed when
Λ(t) = 0⇔ E(t) =
(
C2
C1
) 1
γ
≡ C
(
C
f
2νmin(ν/2, α)
) 1
γ
:=
E∗
2
≡ E∗ , (3.80)
where C1, C2 and C are given in (3.78). A simple analysis of (3.79) and (3.80)
shows us that if there exists a positive time t0 suh that E(t0) < E∗, then
18
0 ≤ E(t) < E∗ for all time t > t0 and, onsequently, E(t) ր E∗ as t → ∞. In
this ase, we are done and we obtain for all t > t0
‖u(t)‖2
L
2(Ω) ≤ 2C
2
GNS
(
C
f
2νmin(ν/2, α)
) 4+(2−σ)N
(2−σ)N+2σ
if 1 < σ < 2
or
‖u(t)‖2
L
2(Ω) ≤ 2CS
(
C
f
2νmin(ν/2, α)
)σ+2
2σ
if σ > 2 .
The reiproal ase shall be studied in the next theorem.
Theorem 3.3 (Exponential deay) Assume u0 ∈ H and f 6= 0 satises to
(3.75). Let u be a weak solution of the modied NS problem (1.7)-(1.10) in the
sense of Denition 2.1. In addition assume that there exists a positive time t0
suh that ‖u(t0)‖
2
L
2(Ω) > E∗. Then there exists a positive onstant C suh that
‖u(t)‖2
L
2(Ω) ≤
(
‖u(t0)‖
2
L
2(Ω) − E∗
)
e−C(t−t0) + E∗ for all t > t0 , (3.81)
where E∗ is given in (3.80).
PROOF. First Step. Again a simple analysis of (3.79) and (3.80) shows us that
if there exists a positive time t0 suh that E(t0) > E∗, then E(t) > E∗ for all
time t > t0 and, onsequently, E(t) ց E∗ as t → ∞. In order to simplify the
notations, let us set E(t) = E, dd tE(t) = E
′
and f(E) := C1E
γ
. First, we
observe that with these notations we have from (3.79) and (3.80),
E′ + C1E
γ = C2 ⇐⇒ (E − E∗)
′ + C1
Eγ − Eγ∗
E − E∗
(E − E∗) = 0 . (3.82)
Seond Step. Using (3.80), we an prove that
C1
Eγ − Eγ∗
E − E∗
≡
f(E)− f(E∗)
E − E∗
> f ′(E∗) ≡ γC
1
γ
1 C
γ−1
γ
2 i γ > 1 . (3.83)
Aording to the expressions of γ (see (3.77)), we an see that (3.83) holds i
σ > 2. Then from (3.82) and (3.83) we derive the following linear dierential
inequality
(E − E∗)
′ + C(E − E∗) < 0 , C = γ C
1
γ
1 C
γ−1
γ
2 . (3.84)
Integrating (3.84) between t0 and t > t0, we obtain (3.81) where, from (3.78)
and (3.84),
C =
2σ
σ + 2
2
CS
min
(ν
2
, α
) σ+2
2σ
(
C
f
2ν
)σ−2
2σ
. (3.85)
Third Step. For 1 < σ < 2 and in addition to what we have done in the First
Step, let us set E(t0) = E0. We then prove
C1
Eγ − Eγ∗
E − E∗
> C1
Eγ0 − E
γ
∗
E0 − E∗
i 0 < γ < 1 , (3.86)
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and aording to (3.77), we see that this holds i 1 < σ < 2. Then from (3.82)
and (3.86), we derive the following linear dierential inequality
(E − E∗)
′ + C(E − E∗) < 0 , C = C1
Eγ0 − E
γ
∗
E0 − E∗
. (3.87)
Integrating (3.87) between t0 and t > t0 leads us to (3.81), where from (3.78)
and (3.87), the onstant C is given by
C =
(
2
C2GNS
) (2−σ)N+2σ
4+(2−σ)N
min
(ν
2
, α
) E (2−σ)N+2σ4+(2−σ)N0 − E (2−σ)N+2σ4+(2−σ)N∗
E0 − E∗
. (3.88)
To onlude this setion, we analyze the results obtained in this setion in
terms of α and ν. Theorem 3.1 is the most restritive, beause if one and only
one of the onstants α and ν tend to zero, we obtain, from (3.62) and (3.69),
t∗ →∞ and ǫ→ 0 and those results fail. But if only α tend to zero, the results
orresponding to exponential and power-time deays (Theorems 3.2 and 3.3)
still hold. This situation orresponds to onsider the lassial Navier-Stokes
problem. If ν tends to zero, the situation gets worse, beause we an no longer
use Sobolev-type inequalities.
4 Conlusions
Throughout this paper we have seen that the introdution of the absorption
term |u|σ−2u in the momentum equation of the Navier-Stkes problem allows us
to obtain dierent time properties for the weak solutions. If 1 < σ < 2 we have
improved the known results for the NS problem and we obtained an extintion
in a nite time, whereas for σ ≥ 2 we have obtained exponential or power-time
deays. The problem lies in how to justify, from the physial point of view, the
appearane of this term in the momentum equation. We may think of it as ex-
pressing somehow a sink that dissipates kinetis energy. Or it an orrespond to
a physial body inside the uid, or at the boundary, whih makes the ow slower
when the time is passing by or even stop it in a nite time. Other possibility
is to onsider the absorption term as resulting from a real or titious fore as
already mentioned in (1.11). For instane, in Geophysial ows the titious
Coriolis fore resulting from the Coriolis aeleration is given by 2Ω×u, where
Ω is the Earth angular veloity, and α|u|σ−2u approximates the Coriolis fore
if σ = 2. In this ase, we only obtain exponential and power-time deays. From
the theoretial point of view, the results of this paper an be extended to a great
variety of Fluid Mehanis problems modied by introduing in the momentum
equation an absorption like term. In Oliveira [20℄ we onsider the Oberbek-
Boussinesq problem modied by the thermo-absorption term α|u|σ(θ)−2u, where
θ is the absolute temperature. Here σ is a temperature depending funtion with
Lipshitz regularity and suh that σ(θ) > 1 for all θ ∈ R. Under the assumption
that 1 < σ− ≤ σ(θ) ≤ σ+ < 2 for all θ ∈ R, where σ− and σ+ are onstants,
we are able to establish the same asymptoti stability properties. We may also
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onsider the non-homogeneous Navier-Stokes problem modied by an absorp-
tion term. In this ase, we only need to assume that the density funtion ρ
is bounded:
1
Cρ
≤ ρ , ρ0 ≤ Cρ, where Cρ is a positive onstant and ρ0 is the
initial density. These properties extend also for the modied NS problem sup-
plemented with the slip boundary onditions: u · n = 0 and u · τ = β−1t · τ
on ΓT , where n and τ denote, respetively, unit normal and tangential vetors
to the boundary ∂Ω, t = n ·T is the stress vetor and β is a oeient with no
dened sign (see Antontsev and Oliveira [2℄). As far as the behavior in spae
of the weak solutions of suh modied problems, at the moment, we are able
to prove analogous properties only for the 2D stationary modied NS problem
(see Antontsev and Oliveira [3℄).
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